In the article arXiv:0903.5277 [quant-ph], we have presented a mathematically rigorous quantum-mechanical treatment of a one-dimensional motion of a particle in the Calogero potential V (x) = αx −2 . In such a way, we have described all possible s.a. operators (s.a. Hamiltonians) associated with the formal differential expressioň H = −d 2 x + αx −2 for the Calogero Hamiltonian. Here, we discuss a new aspect of the problem, the so-called oscillator representation for the Calogero Hamiltonians. As it is know, operators of the formN =â +â andÂ =ââ + are called operators of oscillator type. Oscillator type operators obey several useful properties in case if the elementary operatorâ andâ + are densely defined. It turns out that some s.a. Calogero Hamiltonians are oscillator type operators. We describe such Hamiltonians and find the corresponding mutually adjoint elementary operators.
Introduction
In the article [1] , we presented a mathematically rigorous nonrelativistic quantum-mechanical (QM) treatment of a one-dimensional motion of a particle in the Calogero potential V (x) = αx −2 [2] . In this article, we summarily review all essential mathematical aspects of the oneparticle Calogero problem by using a uniform approach based on the theory of s.a. extensions of symmetric differential operators, namely, on a method of specifying s.a. ordinary differential operators associated with s.a. differential expressions by (asymptotic) s.a. boundary conditions [?] . In such a way, we have studied all possible s.a. operators (s.a. Hamiltonians) associated with the formal differential expressionȞ for the Calogero Hamiltoniaň
A complete spectral analysis of all s.a. Hamiltonians was given and the corresponding complete sets of (generalized) eigenfunctions was found.
In this article, we discuss a new aspect of the problem, the so-called oscillator representation for the Calogero Hamiltonians. As it is know, operators of the formN =â +â andÂ =ââ + are called operators of oscillator type. Oscillator type operators obey several useful properties in case if the elementary operatorâ andâ + are densely defined. Then, in particular, (â + ) + =â, which allows one to call the operatorsâ andâ + mutually adjoint elementary operators. If the operatorsâ andâ + are mutually adjoint then the operatorŝ N andÂ are s.a. and nonnegative. It turns out that some s.a. Calogero Hamiltonians discussed in [1] are oscillator type operators. We describe such Hamiltonians and find the corresponding mutually adjoint elementary operators. One ought to say, that in spite of the fact that the oscillator representation of s.a. Calogero Hamiltonians is the principal aim of our consideration, we discuss here preliminarily, as a particular case of Calogero problem, the oscillator representation of the free particle Hamiltonian.
General
Below, we analyze a possibility to represent the Calogero differential expressionȞ (1) in the formȞ = −d
whereǎ is a differential expressions of finite order andǎ † its adjoint by Lagrange, see [4] . It is easy to see thatǎ must be a differential expression of the form
where k(x) and κ(x) are some functions of x.Then it follows from (2) that |k| 2 = 1 and, therefore, k(x) = e iθ(x) . Thus, we can writě
The function θ(x) can be fixed from convenience reasons and will be set to zero in what follows. Using (4) in (2), we obtain
which implies that the function h(x) must be real and obey the following differential equation
which is a particular case of the Riccati equation. General solution of eq. (5) is
where c is a constant.
The condition that h(x) be real and nonsingular for x > 0 implies that
We note that in the general caseǎb = −d 2 x + αx −2 . However, ifǎ andb are still defined by (4) and we demandǎb = −d
with a constant α 1 = α, then θ = 0 and h has to obey the equation
The function h(x) that obey both equations (5) and (8) reads
In fact, we have to study separately three cases:
The case a) corresponds to the free particle differential operation on the semiaxis. b)
c) In the remaining domain of the parameters we have h (x) = µx −1 , where
The case a) is discussed in the next section, whereas the cases b) and c) are discussed in the last section of the article.
3 Self-adjoint free-particle Hamiltonians For generality, we start with a s.a. differential operatioň
where u is a real constant, having in mind that adding such a constant to a Hamiltonian can only change the reference point of the energy, which is not relevant from the physical point of view. Then we are going to try to find mutually adjoint by Lagrange differential operationsǎ andb =ǎ † that obey the relation
If we restrict ourself with finite order differential operations forǎ andb, then we will see that those can be only differential operations of the first order that have the form
The parameter φ(x) is not relevant and can be fixed from convenience considerations. In what follows, we chose φ = −π/2, such thať
Substituting (15) in (14), we obtain
General solution of eq. (17) is described by the following three families of functions h k (x):
The function h(x) = (x + c) −1 from eq. (6), for α = ν = 0, 0 < c < ∞, κ = 1/2, is contained in the family (18) (in the limit s → 0 for fixed c 1 = c).
Whole real axis
The solutions h 1,3 (x) have singularities at finite x. Thus, on the whole axis, we consider only the solution h 2 (x) (19), which is smooth and uniformly bounded on whole axis, |h 2 (x)| ≤ s, x ∈ R. Then we are going to construct closed operators associated with differential expressionsǎ 2 =p + ih 2 (x),b 2 =p − ih 2 (x). First we define the corresponding initial operatorsâ 2 andb 2 defined on the domain D(R),where they act by their differential expressions respectively. Then we can writeâ
where the multiplication "operator" h 2 is a bounded s.a. and defined everywhere on L 2 (R), andp is the initial symmetric momentum operator of a particle on the whole axis. We remind [4, 5] that on the whole axis, the operatorp is essentially s.a., and its unique s.a. extension, let us denote it byp ǫ , is its closure,p ǫ =p =p + .
It is easy to construct closed operatorsâ
We note that does not exist any one closed operatorsĝ =â 2 with the propertyĝ ⊇â 2 , g + ⊇b 2 . Indeed, the chain of inclusionsâ 2 ⊆â 2 ⊆ĝ ⊆b 
The r.h.s. does not depend on the constant c 2 which plays role of the reference point. It is natural in the translation invariant system.
For s = 0, we haveâ 2 =â + 2 =p and the representation (22) is reduced to
A semiaxis
Here we will use the solutions h k (x), k = 1, 2 that have no singularities on R + , see (18) and (19). Then we are going to construct closed operators associated with differential operationš
First we introduce the corresponding initial operatorsâ k andb k defined on the domain D(R + ),where they act by the corresponding differential operations (23) respectively,
Here h k is the multiplication "operators" and defined everywhere on D(R + ), andp is the initial symmetric momentum operator of a particle on the semiaxis, see sec. 1. We remind that on the semiaxis, does not exist a s.a. momentum operator, however, there exist closed operatorsp andp + . One can easily see that
such that the operatorsâ k andb k are mutually conjugated on the domain D(R + ). Sinceâ k are densely defined there exist operatorsâ
asb k . In turn, equation (25) + =â k . In the same manner, one can see that there exist operatorsb
+ =b k and the following inclusions hold
Consider the equationâ
. Its general solution reads
where
One can see that there exist a function
where ζ(x) ∈ D r (0, ∞) is a fixed smooth functions 1 equal 1 in a neighborhood of the point x = 0. This allows one to obtain a convenient representation for the domain D a
on whichâ
Relations (27) represent here the von Neumann formula.
Similarly, we can demonstrate that functions
where x 0 = 0, c 1 > 0, and
This allows one to obtain a convenient representation for the domain D b
, and Υ k vanish as x → ∞. Indeed, the functions h k (x) are bounded at the infinity, that is why the conditions
. This allows us to prove the assertion.
Consider the operatorsâ k = (â
and that a k act asǎ k on their domains. The defining equation forâ k , which is
in particular,
As before, we can see that
Taking into account the fact that all the functions h k (x), with the exception of the function h 1 (x) for c 1 = 0, are bounded on R + , we can see that the constructed closed operators are expressed via momentum operators on the semiaxis as follows:
For s = 0 and c 1 = ∞, we find
One can see that if: a) a closed operatorĝ obeys the propertiesĝ ⊃â k ,ĝ + ⊃b k , then eitherĝ =â k orĝ =b 
According to the Akhiezer-Glazman theorem [4] , all these operators are s.a. and coincide with the initial symmetric operator H on the domain D(R + ). That is why they are some s.a. extensions H e of H. To identify these extensions, we need to identify only the corresponding domains, since all the operatorsN k ,Â k , and H e act asȞ on their domains. We do not consider such a procedure here (it will be published later). We only note that each s.a. operator H e has a generalized (not unique) oscillator representation.
A finite interval
In this case we have a number of closed operators associated with differential expressionš a andb, since we can use functions h 3 , and due to new possibilities for constructing closed extensions. Here, we will not discuss all the detail, restricting ourselves by an example.
Let us consider a free particle on the interval (0, l) of the real axes. A domain of the initial symmetric operatorsp and H, we define as D(0, l), on such a domain they act asp = −id x andȞ = − d First of all, ψ ∈ Dp. In addition, the functionspψ (x) must belong to D p + . These conditions allow one to find the domain
We note that D p + p ∈ D * Ȟ (0, l). According to the Akhiezer-Glazman theorem [4] , the operator p +p is s.a. nonnegative operator. On the domain D(0, l) ⊂ D p + p such an operator coincides with the symmetric operator H and, therefore is one of its s.a. extensions H e . Thus, we obtain H e =p +p , where
From the physical point of view, the latter operator represents a Hamiltonian of the free particle in the infinite rectangular potential well. 
Let us introduce initial operatorsâ andb defined on the domain D(R + ),where they act by their differential expressions respectively. The operators have the following properties
The property (34) allows us to treat the operatorsâ andb as mutually adjoint on the domain D(R + ). Eqs. (35) and (36) imply that the initial symmetric operatorĤ for α ≥ −1/4 is nonnegative.
Since the operatorâ is densely defined, there exists its adjointâ + which is a closed operator. The defining equation forâ + reads
Due to the property (34), one can see that eq. (37) has solutions of the form
which impliesb ⊆â + . Thereforeâ + is densely defined and has an adjoint operator (â + )
+ that is obviously closed. In this case, the operatorâ admits a closureâ = (â + ) + ; in addition a ⊃â. In the same manner, we find thatb + ⊃â and that the operatorb = (b + ) + ⊃b does exist. In addition, it is clear that if an operatorÂ is closed andÂ ⊇B, thenÂ ⊇B ⊇B. This allows us easily to generalize the previous inclusionŝ
Below, we describe domains of the above-introduced operatorsâ + ,b + ,â, andb . In doing this, we are going to follow [4, 5] and to use the fact that ψ(x) → 0 as x → ∞ for ψ(x) ∈ D * a † (R + ) . The latter is due to the fact that the function h (x) tends to zero as x → ∞.
a) The operatorâ + is defined on the natural domain D * 4, 5] , where it acts asb =ǎ † . The functions ψ ∈ D a + can be represented as
where x 0 = 0 for κ < 1; x 0 > 0 for κ ≥ 1, and A is a constant. In fact, (40) is the general solution of the equationǎ † ψ = η ∈ L 2 (R + ). This solution has the following asymptotic behavior:
We note that the domain D a + contains a function ψ 0 , 
For κ ≥ 1 all the function from D * a † (R + ) have the behavior (43), therefore the functions Aχ 0 (x) belong toD * a † (R + ) , and in such a case
, where it acts asǎ =b † . Functions χ ∈ D b + can be represented as
where B and c are some constants. The constant B has to be zero for κ ≥ 1 due to the condition χ(x) ∈ L 2 (R + ). The functions (45) have the following asymptotic behavior
We note that the domain D b + contains a function χ 0 (x),
Then the domain D b + can be represented in the form
whereD * a (R + ) is restriction of D * a (R + ) to functions χ with the following asymptotic behavior
c) The operatorâ we construct asâ = (â
As was established above,â ⊆b + . This means that on its domain Dā, the operatorâ acts by the differential operationǎ =b † , whereas Dā ⊂ D b + =D * a (R + ) + Bχ 0 . Taking into account (40) and (45), the asymptotic behavior of the corresponding functions, and, integrating by parts in (49), we find
The latter results implies B = 0,which means in turn,
We note thatb + =â for κ ≥ 1, andb + ⊃â for 0 < κ < 1.
d) Similar consideration allow us to find that the operatorb is defined on the domain Dγ =D * b (R + ) , where it acts asb. We note thatâ + =b for κ ≥ 1, andâ + ⊃b for 0 < κ < 1. On their domains the operatorsâ andb + act asǎ, and the operatorsâ + andb act asb. One can see that does not exist any mutually conjugated closed operator pair, let sayĝ andĝ + , which obeys the natural propertŷ
and is different from the two above described pairs. Indeed, for any closed operatorĝ that obeys (52), we havê
and on its domainĝ acts asǎ. The structure (47) According to the Akhiezer-Glazman theorem, see [4] , the operatorsÂ =â +â andB =bb That is why, we can identify the operatorsÂ andB with certain s.a. Calogero Hamiltonians identifying the corresponding domains. Let κ ≥ 1.
In such a caseÂ =B =â +â . On the other side, in this case there exists only one s.a. Calogero HamiltonianĤ 1 , see [1] . That is why we can immediately conclude that
Let 0 < κ < 1, κ = 1/2. Consider the operatorÂ =â +â . Its domain D A consists of functions χ ∈ Dā that must obey the relationâ
The domain Dā (51) consists of functions from D * a (R + ) which have the asymptotic behavior (48), in particular, χ = O(x 1/2 ) as x → 0. The additional condition (54) can only reinforce the asymptotic. Therefore, the functions from D A are those from Dā with the property: they tend to zero not weaker than x 1/2 as x → 0. As follows from [1] , there exists only one s.a. Calogero Hamiltonian with such a domain. It isĤ 2,0 . Thus,
Consider the operatorB =bb + . Its domain D B consists of functions χ ∈ D b + that must obey the relationb + χ ∈ Dγ.
The functions χ ∈ D b + have the form (45), which implies
It follows from (56) that η are functions from Dγ that have the following asymptotic behavior
Estimating by the help of Cauchy-Bunyakovskii the integral summand in (45) at x → 0, with η(x) obeying (57), we find
As follows from [1] , there exists only one s.a. Calogero Hamiltonian with such a domain. It isĤ 2,λ with λ = c > 0,Ĥ
The case c)
In this case h (x) = µ/x (α ≥ − 1 4 , κ = α + 1/4 ≥ 0). It was demonstrated that µ is real and µ ∈ R + . Let us denotě
We note that in virtue of the obvious relationš
one can consider only the case µ > 0. Then the differential operationsŇ µ , µ > 0, correspond to α (µ) ≥ −1/4, whereasǍ µ , µ > 0 correspond to α 1 (µ) > 0. Let us introduce the initial operatorsâ µ ,b µ ,N µ , andÂ µ defined on the domain D (R + ) where they act by their differential operations.
First of all, one can see that the operatorsâ µ andb µ are mutually adjoint on
Second, the initial symmetric operatorĤ has the following representationŝ
Thus, the initial symmetric operatorĤ is nonnegative for α ≥ −1/4,
Below, we construct closed operators associated to differential expressionsǎ µ andb µ . a) The operatorâ
where it acts asb µ . The functions ξ ∈ D a + µ can be represented as
They have the following asymptotic behavior:
b) The operatorb 
For µ = 1/2 :
For µ < 1/2 :
c) The operatorâ µ is defined on the domain
where it acts asǎ µ .
d) The operatorb µ is defined on the domain
where it acts asb µ .
Note thatb µ =â + µ andb + µ =â µ for µ ≥ 1/2; but this is not true for µ < 1/2. We see that there are the following relations between the domains of the closed operatorŝ a µ ,b µ ,â
Here A, B are arbitrary constants. Thus, in the case under consideration, we have demonstrated that a mutually conjugated by Lagrange pair of differential operationsǎ µ andb µ generates two mutually conjugated closed operator pairsb µ andb Let us introduce the operatorŝ
According to the Akhiezer Glazman Theorem, all these operators are nonnegative s.a. operators. According to (60) all the operators are s.a. extensions of the initial symmetric operatorĤ with some α, and therefore are some s.a. Calogero Hamiltonians. Below, we identify them with such Hamiltonians using results of [1] . a) Consider the operatorN 1 (µ) =â
Let µ ≥ 3/2, α ≥ 3/4. In this case, there exists only one s.a. Calogero HamiltonianĤ 1 , such thatĤ
. In turn, the latter condition implies that ξ(x) tend to zero not weaker than x 
. If we represent ξ as (65), thenâ 1/2 ξ = η, which implies that η ∈ D a + 1/2 and η(x) = O(x 1/2 ) as x → 0. From the same representation (65), using obtained asymptotic behavior of η(x), we find ξ(x) = O(x 1/2 ) as x → 0. Thus,
Let 1/2 > µ > 0, −1/4 < α < 0. In this case, ξ ∈ D N 1 (µ) implies that ξ ∈ D aµ , and therefore ξ(x) tend to zero not weaker than x 1/2 as x → 0. For −1/4 < α < 0 the only functions from D H 2,∞ (the domain of s.a. Calogero HamiltonianĤ 2,∞ ) have such an asymptotic behavior. Therefore, we can conclude that
b) Consider the operatorÂ 2 (µ) =b µb
In this case, 
We stress thatN 2 (ρ) =Â 1 (ρ) in the case under consideration. In the conclusion, we note that all nonnegative s.a. Calogero HamiltoniansĤ 1 ,Ĥ 2,λ , λ ≥ 0,Ĥ 2,∞ , andĤ 3,∞ from [1] were represented above in the oscillator form. As to s.a. extensions of a closed symmetric nonnegative operator with finite deficiency indices (m, m), it is known that the negative part of the spectrum for each of its s.a. extensions can only consist of negative eigenvalues, the sum of whose multiplicities does not exceed m, and there exist s.a. extensions with a nonnegative spectrum (with the preservation of the infimum), see [4, 5] . This general property of nonnegative operators explains the remarkable fact that for 3/4 > α ≥ −1/4 the number of negative levels of each s.a. Hamiltonian does not exceed unity, because in this case m = 1, and the negative spectrum is absent for α ≥ 3/4, since in this case m = 0. These properties explain also the fact that onlyĤ with α ≥ −1/4 are represented as a product of two mutually-conjugated operators. For α < −1/4 the number of negative eigenvalues is infinite.
